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Abstract 

Multistable processes, that is, processes which are, at each "time", tangent to a stable 
process, but where the index of stability varies along the path, have been recently 
introduced as models for phenomena where the intensity of jumps is non constant. In 
this work, we give further results on (multifractional) multistable processes related 
to their local structure. We show that, under certain conditions, the incremental 
moments display a scaling behaviour, and that the pointwise Holder exponent is, as 
expected, lower than the localisability index. 
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1 Introduction 

Multistable processes are stochastic processes which are "locally stable", but where the 
index of stability varies with "time". To be more precise, we need to recall the definition 
of a localisable process [6jj: Y = {Y(t) : t G R} is said to be h— localisable at u if there 
exists anliGR and a non-trivial limiting process such that 

y(M+rt )-y M 
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(Note Y' u may and in general will vary with u.) When the limit exits, = {Y^(t) : t e R} 
is termed the local form or tangent process of Y at u. The limit ( 11. ip may be taken in 
mainly two ways: convergence in finite dimensional distributions, or in distribution (in 
which case the process is called strongly h-localisable) . In the sequel, equality in finite 

dimensional distributions will be denoted and equality in distributions =. 

A classical example of localisable process is multifractional Brownian motion Y [TJ 
[U [ITJ [19] which "looks like" index- /i(u) fractional Brownian motion close to time u but 
where h(u) varies, that is 



where Bh is index-h fractional Brownian motion. A generalization of mBm, where the 
Gaussian measure is replaced by an a-stable one, leads to multifractional stable processes, 
where the local form is an /i(«)-self-similar linear a-stable motion [23| 124"] . 

Multifractional multistable processes provide a further step of generalization: they are 
localisable processes such that the tangent process is again an a-stable random process, 
but where a now varies with time. Multifractional multistable processes were constructed 
in [TJ El EH IS] using respectively moving averages, sums over Poisson processes, the Fer- 
guson - Klass - LePage series representation, and multistable measures. Section 1X51 below 
provides several specific examples of such processes. 

The aim of this work is twofold: 

1. We show that, for a large class of (multifractional) multistable processes, a precise 
estimate for the incremental moments holds. More precisely, we prove in section 
13. II that there exists a natural scaling relation for E [\Y(t + e) — K(t)| 7 '] and e small. 
This class includes (multifractional) multistable processes considered in |S1 [2], in 
particular Levy multistable motions and linear multistable multifractional motions. 

2. We then study the pointwise Holder regularity of (multifractional) multistable pro- 
cesses. For the same class as above, we obtain an almost sure upper bound for this 
exponent. In the case of the Levy multistable motion, we are able to compute its 
exact value. Not surprisingly, it turns out to be equal, at each point, almost surely, 
to the localisability index. Note that a uniform statement, i.e. a statement like 
"almost surely, at each point", cannot hold true in general. Indeed, it already fails 
for the case of a Levy stable motion. The right frame in this respect is multifractal 
analysis, and results in this direction will be presented in a forthcoming work. 

The remainder of this work is organized as follows. In the next section, we recall the 
definition of multistable processes based on the Ferguson - Klass - LePage series repre- 
sentation used in [TJ] (this defines processes which are equal in distribution to the ones 
obtained in [8J through sums over Poisson processes). Our main results on incremental 
moments and upper bound for the pointwise Holder exponents are described in section [3l 
Subsection 13.31 applies these results to the linear multistable multifractional motion. In 
subsection 13.41 we state the fact that, for the Levy multistable motion, the exact almost 
sure value of the exponent is indeed the reciprocal of the localisability exponent. In sec- 
tion HI we give intermediate results, some of which being of independent interest, which 
are used in the proofs of the main statements. Section [5] gathers technical results followed 





2 



by the proofs of the statements related with the incremental moments and upper bounds 
on the exponents. Section [6] contains the proof of the lower bound for the exponent of the 
multistable Levy motion. Finally, section [7] gives a list of the various technical conditions 
on multistable processes required by our approach so that their incremental moments and 
Holder exponents may be estimated. 

2 Multistable processes 

Our results will apply to certain processes that are defined as "diagonals" of random fields 
that we describe in subsections 12.11 and 12.21 

2.1 Finite measure space case 

Let (E,S,m) be a finite measure space, and U be an open interval of R. Let a be a 
C 1 function defined on U and ranging in [c,d] C (0,2). Let b be a C 1 function defined 
and bounded on U. Let f(t,u, .) be a family of functions such that, for all (t,u) G U 2 , 
f(t,u, .) G J r a ( u )(E,£,m). Let (Tj)j>i be a sequence of arrival times of a Poisson process 
with unit arrival time, (^)i>i be a sequence of i.i.d. random variables with distribution 
rh = m/m(E) on E, and (7»)i>i be a sequence of i.i.d. random variables with distribution 
P(7i = 1) = P(7j = —1) = 1/2. Assume finally that the three sequences (Ti)i>i, (V^)j>i, 
and (7i)j>i are independent. As in [T3], we will consider the following random field: 

oo 

*(*,«) = &(«)(m(i^) 1 /««>^ (2.3) 

i=i 

where C v = (/ °° x~ v sm(x)dx) . 

Note that when the function a is constant, then (12. 3D is just the Ferguson - Klass - 
LePage series representation of a stable random variable (see jU [TOj [151 EE and |22| 
Theorem 3.10.1] for the specific properties of this representation that will be needed here). 

2.2 cr-finite measure space case 

When the space E has infinite measure, one cannot use definition ( 12. 3ft . since it is no 
longer possible to renormalize by m(E). However, in the cr-finite case, one may always 
perform a change of measure that allows to reduce to the finite explained in |22| 

proposition 3.11.3 (see also section 4 of [H]). In our frame, this simply means adding a 
term involving the change of measure in the definition of the field. 

Let (E,S,m) be a cr-finite measure space and U be an open interval of R. Let r : 
E — > M + be such that rh(dx) = ^^m{dx) is a probability measure. Let a be a C 1 
function defined on U and ranging in [c,d] C (0,2). Let b be a C 1 function defined 
and bounded on U. Let f(t,u, .) be a family of functions such that, for all (t,u) G U 2 , 
f(t,u, .) G Fa^^EjEjin). Let (Ti)i>i be a sequence of arrival times of a Poisson process 
with unit arrival time, (V^)j>i be a sequence of i.i.d. random variables with distribution 
rh on E, and (7»)i>i be a sequence of i.i.d. random variables with distribution P(7« = 
1) = P(7j = —1) = 1/2. Assume finally that the three sequences (I\)j>i, (Vi)i>i, and 
(7i)»>i are independent. We consider again a random field: 
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X(t,u) = K^^^E^r^r^) 1 /^)/^^,^), (2.4) 
with C a as above. 

2.3 The diagonal processes 

Multistable processes are obtained by taking diagonals on X, i.e. defining Y(t) = X(t, t), 
both in the finite and cr-finite measure space cases. Indeed, as shown in Theorems 3.3 and 
4.5 of [13], provided some conditions are satisfied both by X and by the function /, Y 
will be a localisable process whose local form is a stable process. In the remaining of this 
work, we obtain, under certain assumptions (which imply that Y is indeed localisable), 
estimates on the incremental moments and the pointwise Holder regularity of Y. 

3 Main results 

The three following theorems apply to a diagonal process Y defined from the field X given 
by (12. 3p or (12. 4p . For convenience, the conditions required on X and the function / that 
appears in (12. 3 j) and (|2.4|) . denoted (CI), . . . , (C15), are gathered in section [71 

3.1 Moments of multistable processes 

Theorem 3.1 Let t G R and U be an open interval of R with t e U. Let 77 G (0, c). 
Suppose that f satisfies (CI), (C2), (CS) (or (CI), (Cs2), (Cs3), (Cs4) in the a-finite 
case), and (C9), and that X verifies (C5) att. Then, when e tends to 0, 

E[\Y(t + e)-Ym^s^E[\Y:m. 

Proof 

See section [3J 

Remark: Under the conditions listed in the theorem, Theorems 3.3 and 4.5 of [14J imply 
that Y is h(t)— localisable at t. 

3.2 Pointwise Holder exponent of multistable processes 

Let T-L t = sup{7 : lim ^ Y ^ + pj~ y ^ = 0} denote the Holder exponent of the (non-differentiable) 
process Y at t. 

Theorem 3.2 (Upper bound) Suppose that there exists a function h defined on U such 
that (C6), (CI), (C8), (CIO), (Cll), (C12), (CIS), (C14) and (C15) holds for some 
t e U. Assuming (CI), (C2), (CS), (or (CI), (Cs2), (CsS), (Cs4) in the a-finite case), 
one has: 

H t < h{t). 

Proof 

See section |5j 
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3.3 Example: the linear multistable multifractional motion 

In this section, we apply the results above to the "multistable version" of a classical 
process known as the linear stable multifractional motion, which is itself a extension of 
the linear stable fractional motion, defined as follows (in the sequel, M will always denote 
a symmetric a-stable (0 < a < 2) random measure on R with control measure Lebesgue 
measure £): 



L a ,H,b+,b-{t) = / fa,H(b + ,b ,t,x)M(dx) 

J — oo 

where t <E R, H 6 (0, 1), b + , b~ E R, and 

f a , H (b + , b-,t, x) = b + {{t - x) H + - l/a - {-x)l~ lla ) 

\t - x) H ~ 1/a - (-x) H ~ 1/a 



When b + = b~ = 1, this process is called well-balanced linear fractional a-stable 
motion and denoted L a> H- 

The localisability of the linear fractional a-stable motion simply stems from the fact 
that it is 1/a-self-similar with stationary increments [6]. 

The multistable version of this processes was defined in [TIE]- Its incremental moments 
and regularity are described by the following theorems: 

Theorem 3.3 (Linear multistable multifractional motion). Let a : R — > [c, d] C (0,2) 
and H : R — > (0, 1) be continuously differentiable. Let (Ti)^ be a sequence of arrival 
times of a Poisson process with unit arrival time, (Vi)i>i be a sequence of i.i.d. random 
variables with distribution m(dx) = ^Y^=ij~ 2 l[-j--j+i[>J[j-i-j[( x )d x 071 an d (li)i>i 
be a sequence of i.i.d. random variables with distribution P{^i = 1) = P(% = —1) = 1/2. 
Assume finally that the three sequences (Tj)j>i ; (V*)i>i, and (7i)i>i are independent and 
define 

2 '2 00 

(3-5) 

and the linear multistable multifractional motion 

Y(t)=X{t,t). 
Then for all t G R and i] < c, when e tends to 0, 

2 v ~ 1 T(l ' " ~ a ~ 

E[|y(t + e)-y(t)|"] - " Q(t) 



1 _ X \ H ®-W) - \x\ m ~^ a(t) dx] ^ e vH{t) 



V Io° u v 1 si n2 (w)<iM \Jn 
Proof 

See section |5j 

Theorem 3.4 Let Y be the linear multistable multifractional motion defined on R with 
H — - a non-negative function. For all tGR, almost surely, 



U t < H(t). 



Proof 

See section |5j 
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3.4 Example: the Levy multistable motion 

In the case of the Levy multistable motion, we are able to provide a more precise result, 
to the effect that, at each point, the exact almost sure value of the Holder exponent is 
known. Let us first recall some definitions. With M again denoting a symmetric a-stable 
(0 < a < 2) random measure on R with control measure Lebesgue measure C, we write 



L a (t) := [ 
Jo 



M(dz) 



for a-stable Levy motion. 

The localisability of Levy motion is a consequence of the fact that it is 1/ a-self-similar 
with stationary increments [6J. Its multistable version and incremental moments are 
described in the following theorem: 

Theorem 3.5 (symmetric multistable Levy motion). Let a : [0,1] — > [c,d] C (1,2) be 
continuously differentiable. Let (Ti)i>i be a sequence of arrival times of a Poisson process 
with unit arrival time, (Vi)i>i be a sequence of i.i.d. random variables with distribution 
m(dx) = dx on [0, 1], and (7i)i>i be a sequence of i.i.d. random variables with distribution 
P(7i = 1) = -P(7i = —1) = 1/2. Assume finally that the three sequences (Tj)j>i ; (Vi)i>i, 
and (7i)i>i are independent and define 



OO 



X(t,u) = Cl{:^J2^ 1/a(U %dK) (3-6) 



1=1 



and the symmetric multistable Levy motion 

Y(t)=X(t,t). 
Then for all t G (0, 1) and f] < c, when e tends to 0, 

2 r ?- 1 r(l M 

E [\Y{t + e)- Y{t)\*\ ~ roo vl . w e^. 

7] J u i 1 sin [u)du 

Proof 

See section 13 

Theorem 3.6 Let Y be the symmetric multistable Levy motion defined on (0, 1) with 
a : [0, 1] — > [c, d] C (0, 2). For all t G (0, 1), almost surely, 



a(t)' 



Proof 

See section |5j 

Theorem 3.7 Let u G U C (0, 1). 

1. If < a(u) < I, almost surely, 

H u = min ( — ^— ,H{ 

\a(u) 

where H° denotes the Holder exponent of a at u, at least when ^ H™. 
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2. If 1 < a(u) < 2, and a is C 1 , almost surely, 



a{u) 



Proof 

See section [6j 

Thus, in the case < a(u) < 1, the regularity of the multistable Levy motion is the 
smallest number between and the regularity of the function a at u. This is very 
similar to the case of the multifractional Brownian motion, where the Holder exponent 
is the minimum between the functional parameter h and its regularity [TT| [12] . We 
conjecture that the same result holds even when a > 1. 



4 Intermediate results 

Let (fx denote the characteristic function of the random variable X. We first state the 
following almost obvious fact : 

Proposition 4.8 Assume that for a given t G R there exists £ > such that 

ip Y (t+r)-Y(t) (v) dv < +oo, 



sup 

reB(0,eo) 



where Y is a symmetrical process. Then there exists K > which depends only on t and 
Eq such that for all x > 0, and all r G (0, Eq), 



P(\Y(t + r)-Y(t)\ <x)<K 



x 



,h(t) ' 



+oo 



If furthermore we suppose that sup 4eC/ sup rgB ( e \ J ( 
all t G U, for all r G (0, e ), P (\Y(t + r) - Y(t)\ < x) < K-fa. 



V? y(t+r)-y(t) (v) 
r h(t) 



dv < +oo, then for 



Proof 

This is a straightforward consequence of the inversion formula. Let x > and r < £ . 
Since Y is a symmetrical process, (fy (t+r)-Y {t) is an even function and 



P(\Y(t + r)-Y(t)\ < x) 



1 

7T 



+oo 



(f Y (t+r)-Y(t) 



r h(t) 



sm 



vx \ dv 



1 x 

< n-r SUp 



7T r ft W reB (o, £o ) Jo 



(P Y(t+r)-Y(t) (V) 



yh(t) J y 

dv 



< K- 



x 

Mi) 1 



We now consider multistable processes, first in the finite measure space case, and then 
in the a-finite measure space case: 
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Proposition 4.9 Assuming (CI), (C2) and (C3), there exists Kjj > such that for all 
u G U , v G U and x > 0, 



P{\X{v,v)-X{v,u)\>x)<K L 



v — u\ 



x" 



(1 + | log 



\v — u\ |d . \v — u 



X 



X 



^(1 + 1 log 



\v — u\ 



X 



Proof 

See section |5j 

In the cr-finite space case, a similar property holds: 

Proposition 4.10 Assuming (CI), (Cs2), (Cs3) and (Cs4), there exists Kjj > such 
that for all u G U , v G U and x > 0, 



P(\X(v,v) -X{v,u)\ >x)<K v 



\v — u\ 
x d 



(1 + | log 



\v — u\ , ds . \v — u 



X 



) + - — ^(1 + I log 



x"- 



\v — u\ 

X 



Proof 



We shall apply Proposition ^. 9l to the function g(t, w, x) = r(x) 1 ^ a ^ w ' f(t, w, x) on (E, 8. 



m). 



By (CI), the family of functions v — > f(t,v,x) is differentiable for all (v,t) in U 2 
and almost all x in E thus v — > g(t,v,x) is differentiable too i.e (CI) holds for g. 

Choose 8 > | — 1 such that (Cs2) holds. 

sup(\g(t, w, x)\ a ^) = r{x) sup(|/(t, w, x)\ a ^) 



well 



well 



One has 



R 



sup(\g(t,w,x)\<*M) 



1+5 



rh{dx) 



r(x 



,1+5 



R 



R 



sup(\f(t,w,x)\ a ^) 

1+5 



1+5 



m(dx) 



sup(\f(t,w,x)\ a ^) 
well 



r(x) m(dx) 



thus (C2) holds. 

Choose 5 > f - 1 such that (Cs3) and (Cs4) hold. 

g' u (t, w, x) = r(x) 1 ^ (fl(t, w, x) - ^± log(r(x))/(t, w, x)) 



and 



R 



sup(\g' u (t,w,x)\ a W) 



1 1+5 



well 



m(dx) 



<-L 


sup 











\f' u (t,w,x) -^\log(r(x))f(t,w,x)r^ 



11 1+5 



a 2 (w 



r(x) s m(dx). 



The inequality \a + b\ 5 < max(l, 2 5 - 1 )(\a\ s + \b\ s ) shows that (C3) holds. 
Proposition 14.91 allows to conclude. 
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Proposition 4.11 We suppose that there exists a function h defined on U such that (C8), 
(CIO) and (C14) hold. Assuming (CI), (C6), (CI), (Cll), (C12), (CIS), (C15), one has: 



+00 

SUp / (p Y(t+r) i-y(t) (v)dv < +OO. 
r€B(0,e) JO ^ T> 



If in addition we suppose (Cu8), (CulO), (Cull), (Cul2), (Cul4) and (Cul5), then 



+00 

sup sup / <f Y{t+r)-Y{t) (v)dv < +00. 

teU reB(0,e) JO r h (t) 



Proof 

The expression of the characteristic function (p y(«+ r )-Y(t) is given in [14] : 



r h(t) 



jp Y(t+r)-Y(t) (v) = exp —2 

TW) V ./RJO 



+00 



^ vC^fit + ^t + ^x) vC^f(t,t,x) \ 
sin I J tttttttn ttttis — I ay m(dx) 



,l/a(t) 



2 r h(t)yl/a(t+r) 



2 r h(t) y l/a(t) 



For f < 1, y y(t+ f )-y(i) (t>) < 1. For v > 1, we fix e < k. Lemma f)5.14p entails that 



there exists Ky > such that 



ip Y (t+r)-Y(t) (v) < exp 




, R j Kyy-L-sd 



rC]t^ r) f(t + r,t + r,x) vC 1 ™ f(t, t, x) 



a(t+r) 



2 r h(t) y l/a(t+r) 



2 r h(t)yl/a(t) 



dy m(dx) 



Let 



N(v,t,r) 




/R, J K U V 1 ~ ed 



vC'J^fit + r,t + r,x) vC^>f(t, t, x) 



l/o(t) 



2 r h(t) y i/a(t+r) 2r h{ P>y 1 l a ® 
Using lemma (I5.15p . there exist K\j > and 6q > such that for all v > 1 

N(v,t,r) > Kuv 2+ ^ {1 -c\ 



dy m(dx). 



The inequality becomes 



and 



(f Y(t+ r )-Y(.t) (v) < exp (—K u v 2+ i-^ 1 c)j ) 



/" /"°° / d 2 \ 

/ y} y(t+r)-y(t) (f )(if < 1+ / exp (—K u v 2+1 -^ 1 ~~^) dv 

Jo ^t*i A \ / 

< +CX) 
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5 Proofs and technical results 



Proof of proposition 14.91 

We proceed as in |14] . Note that condition (C2) implies that there exists 5 > ^ — 1 
such that : 



sup 



L 


sup 







\f(t,w,x)log\f(t,w,x)\\ a(w) 



1+S 



m(dx) < oo. 



(5.7) 



The function u \- > is a C 1 function since a(u) ranges in [c,d] C (0,2). We shall 

denote a(u) = {m(E)) 1 / a( ~ u ) . The function a is thus also C 1 . Let (u,v) G U 2 .We 
estimate: 



X(v,v) - X{v,u) = J2"fi(Mv) ~ + X)7i(*i(«) - %(u)), 



where 



$ i (u) = a(u)C 1 ' a Mf{v,u,Vj 



and 



= o(«) (rr 1/aM - rv«(»)) f{v,u,v t ). 

Thanks to the assumptions on a and /, $j and are differentiable and one computes : 



and 

«$(«) = a'{u) (r; 1/aiu) - rV«*o) /(„, «, + a («) (rr 1 ^ - .-vaoo) />, „, v t ) 

Using the mean value theorem, there exists a sequence of independent random numbers 
w-i G (u, v) (or (v, «)) and a sequence of random numbers 2j G (u, v) (or (t>, «)) such that: 

oo oo 

X(v, u) - X(v, v) = (u- v) J2(Z} + Z? + Zf) + (u-v) J^iY' + + (5-8) 

j=l i=l 

where 

Z\ = li a'(w i )i- x l a Mf(v,w u V& 
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Y? = 7ia(zi) 



iog(ri)r; 



-l/a(xi) 



Note that each Wi depends on a, f,oe,u,v,Vi, and each Xi depends on a, f, a, u, v, Vi, Tj 

but not on 7^. This remark will be useful in the sequel. 

00 00 

In [H], it is proved that each series Yl Z\ an d Yl , j = 1,2,3, converges almost 



i=i i=i 
00 \ / 00 



surely. Let x > 0. We consider P ( | ^2 Z\ \ > x J and P I | ^ Y? \ > x\ for j = 1, 2, 3 



i=l 



i=l 



Let 7/ G (0, min(-r — 1, 5(5 + 1) — 1)). Markov inequality yields 



" IE* 



i=l 



id 



i=l 



5 



E z ; 

1 

00 



i=l 



1 

l+v 



The random variables are independent with mean thus, by theorem 2 of [2]: 



For j = 1, 
E [\Zl\ dM ] 



< 



< 



< 



+00 



i=i 



+00 

< 2j2E[\Z J i \ dil+r > ) ] 

i=l 



E 

Kv_. 

jl-H? 
,;!+»? ' 



rf(l + »7) 



rf(l + »7) 



sup \f(v,w,Vi)\ a M 

wdB(u,e) 



( sup |/(u,tw,Vi)| a(,o) ) 1+, '+( sup \f(v,w,Vi)\ a ( w Y* {1+r,) 

waB(u,s) w(^B(u,e) 



For j = 2, 
E [| Z 2|d(i-H;)] < 



< 



K, 



u 



il+r, 



( sup If^w^T^Y^ + i sup IffawM)^)^ 

wEB(u,e) w(LB(u,e) 



For j = 3, 



E [\Zff 1 ^] 



(logi)^-^) 

2 



< #7 



(logi)^ 1 -^) 



jl+V 
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Finally, sup £ E < +00 thus 

V&U 8=1 

p(i|>/i>*) < 

f 00 \ 

We consider now PI | X) I > x ) f° r 3 = 1> 2, 3. 



-^7 



i=l 
oo 



p(|^y; J |>x) <p (V/i > |) + p 1 Yy!\ > 2 



i=l 



i=2 



i=2 



Since P(|£l?|>f ) <S(E 



Ey/ |,(i- 



-v) 



i=2 



1 

1+17 



we want to apply theorem 2 of 



[2] again. Let S m = ^7 an d write Y? = 7$W/. Note that 7^ is independent of W/ and 

i=l 

Oj_l. 

E \Ym+l\Sm) — E (E{Ym + i\Sm,W m +i)\S m ) 

= E(E( lm+1 Wi +1 \S m ,W m+1 )\S m ) 

= E(wi +1 E( lm+1 \S m ,W m+1 )\S m ) 

= E(wi +1 E( lm+1 )\S m ) 

= 0. 



We apply theorem 2 of [2j with (d(l + 77) < 2), 



J2y/^ 



1=2 



< 2 ^E|^| d(1+7?) , 

t=2 



and 



For j ; = 1, 



p (lEtfi > *) < p (itfi > |) + ^ ( 2 E EKr (1+ ' ; ) 



q(xi) I 



1 



r 



a(n) 



2«(a;i) 



< P 



1 sup l^^y^jaW >^a(^) 



w£B(u,e) 



For x < 1, 
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< p 



\a(xi) 



sup IffawM^W^Kux 



u!g_B(u,e) 



< Pl{ sup \f(v,w,V 1 )\ a ^ > K u x d }n{T 1 > 1} 

\ w£B(u,s) 

+ p({\hr\ /a{xi) -i\ a ^ sup ittv^V!)^ >K uX d } ni^Ki}). 

\ 1 1 w€B(u, £ ) J 



Kj 



a(w) 



p { sup 1/(^^,^)1^ ^^jnjr^i} < -£e sup \f{v,w,vj\ 

\ w£B(u,e) J x \weB(u,e) 

< % 

X d 

Let W(v, x) — swp W £B(u,e) \f{v,w,x)\ a ( w > and F v y 1 be the distribution of W(v, V\). 

P^l^irl^-ir^^yo^x^nir^i}^ < p(w(v,v 1 )>K u x d r 1 ) 

r+oc 

= / P(* > Kux'Ti) F ViVl (dz) 
Jo 

= ^ (l - e'^^j F vyi (dz) 



< 



< 



+oo 



Z 



o Kux' 
Ku 



;F vyi (dz) 



X 



d ■ 



For x > 1, 

p(WI>f) < p 



1 



l/o(a;i) 



sup (,/(*;, u>, 14) > Kjjx l 



wdB(u,e) 



For i > 2, 



< 
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Using the fact that rj < 5 and -(1 + rj) < 1 + 5, 



E(w(v,Vi) 1+r > + W(v,Vi)-c( 1+ ^ = Efwiv^) 1 ^ + W(v,V l )^ 1+r '^ 

< K v , 

E|(l)Vc_i|«Ki-H,) < Ku (l + E^)l^) 
< K v , 



and 



E l(— - l\ d{1+v) < K v . 



As a consequence: 



+00 



sup 

V&J 1=2 



J2^\Yf\ d(1+v) < K v 



and 



E 1 ? 



i=l 



> x I < K v ( — + 



1 1 



x c x d ' 



For j = 2, since the conditions required on (a',f) are also satisfied by (a,f'u), one 
gets in a similar fashion 



i=i 



> ' I < K v I 1 + ' 



For j = 3, 



(Vi 3 l>£) = p(|a(x0^iog(r 1 )r- 1 ^) /Kxi ^ l) |>- 



< P K, 



|/(u,xi,K)| Q(xi) 



r 



o(a;i) 



> 



logri^^i) 



Let ^(z) = |log J a(xi) , for z < 1. 

g is a one-to-one increasing function, and for all z < 1 such that z\ \ogz\ a(yXlS) < 1 and 
\l + a( Xl ) l ^\\^<2, 



g (z\\ogz\ a{xi) ) 



z 


logz 


a(xi) 


log z + a(xi) log log z\ 


\a(x-i) 



> 



thus g < 2; I log^l"^ 1 ). 

Fix A > such that for all < z < A, g~\z) < 2z\ log 2 + logz| a(:El) i.e. 

g-\z) < i^log^ 1 ). 
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Let B - {K,, mv ' Xl ' Vl)la{xi) > ^ 1 



1/(^,^,^)1 



a(xi) 



P(B) = p(b n {r x > i}) + P(B n {r\ < 1} n {o < i V JV — < A}) 



+P(5 n {r, < 1} n W > > A}). 



x 

Each of these three terms will be treated separately. 



< P[Ku sup \f(v,w,V 1 )\ a{w) (\\ogT 1 \ c + |logri| d ) > x a ^ 

w£B(u,s) 



For x > 1, 



p(sn{r!>i}) < p I sup l/K^^or^diogr^ + iiogr^) >x c 

\ toeB(n,e) 

< ^e( sup 1/(^,^,^)1^) ) Ediogr^+iiogr^) 



< 



\w(zB(u,e) 

Ku 

x c 



For x < 1, 



p^njr^i}) < p(^ sup l/^^^or^dbgr^ + liogr^) >x d 

u>G_B(«,e) 



< 



p(Bn{r 1 <i}n{^t^^>A}j < P (K u \f(v,x 1 , v 1 )\ a ^ > Ax a ^) 



< ^L + ^E. 

~ x c x d 



P|8n l r,<i 1 nn«, lfl '-'^ lr "" a} 



= p ( {^ro < Ku ^^lf^ } n {r x < i} n {o < ^ 



|/fo,si,K)| a(xi) < ^ 



L^^rg , ^ 1/(^,^,^)1^) 

< P | Ti < K v + K v - 



x 



X 



a(xx) 



log 



\f(v,X 1 ,V 1 )\ a ^ 



( , x 1 + I \0SLx\ a{ - Xx) 

< P[r 1 <K u \f(v,x 1 ,V 1 )\^\ ) l\( 



x ot(x\) 

\\f{v,x l ,V 1 )\\og\f{v,x l ,V 1 )\\ a ^y 



X 



X 



a(xi) 
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WithW(u,a;) = sup weB(Ute) \f(v,w,x)\ a ^ &ndZ(v,x) = su PluGB(Mi£) \f(v,w,x) log \f(v, w, x)\\ a ( w \ 



p(gn{r 1 <i}n{0< ^ ' — f < A } 



x° 



< p (r. < ^(^,)(i±^)) + p (r, < Wl)( i±l*^)) . 

C inrp l+|logxr^l) < / l+|logx| c , l+|logx| d x 

P(r 1 <^(„,v 1 )(l±^)) < P(r,< W , W i±J|i£!! + i±M) 



1 + | logx| c 1 + | log a; 



< Ku( + 



x 1 - x d 



and 

r> ( -p IC 71 T/W l+|log3f (Xl) 0| . »(r 7( 1 + Qog^ 1 + Q0g^ 

p r 1 <x [7 z(^,T/ 1 )( — — — ) < p ri <^z(u,yi)( — - — + — -, — ) 



x a(xi) I V ' X c X d 



Denoting Cr^vi the distribution of Z(i>, Vi), 

D / r . ~ 7 , T/V l + |logx| c l + |logx| d , 
P ( Ti < KuZ(v, Vi)( + ^ , 



f t, < r ^ ,1 + 1 logrc| c l + |logaf. . 

= / (1 - exp(-^( + ~^^) z )) G v,Vi(dz) 

Jo XX 

p+oo 

) / zG VtVl (dz) 
Jo 



l + |logx| c l + |loga;| d N f + °° 
< KM h 



x 1 - x d 



1 + |logx| c 1 + |logx| d 

- Ku{ — # — + — * — } ' 

since sup veB(u>£) E (Z(v, Vi)) < +oo. 
Finally, 

P (b n (i, < 1} n { o < Ku ^r < A } ) < K U{ 1±^1 + 1±M) 

and 

p (|y*i > ^ < ^ ( 1 + |logx|c + 1+|1 ; gx| \ 

v 2/ — x c a; d ; 
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For % > 2, 



E |^3|d(i+u) < Ku 



i gi|«*(i+ij: 



log? MV r 
|iogi| d ( 1+ ") />gr iM/ i 

< J^u — 1 



jl-Hj 
l gi|«*(l-Hj) 



logi Ti 



jl/c _ 1 |d(l+7 ? ) _|_ 



i log 1 1 / j 
1 log? IK r, 



thus 



and 



+00 



sup 

^2 E\Y t 3 \ d{1+v) < K v 



veu 



E 1 ? 



i=i 



1 + I logx| c 1 + 1 log a; 



+ 



x u 



-)• 



Let us go back to P (\X(v, v) — X(v, u)\ > x). 

/ 00 

P(\X(v,v)-X(v,u)\>x) = pl\ u -v\\J2(Z! + Z* + Z? + Y t 1 + Y t 2 + Y t 3 )\>x 



i=l 

00 



< 



E p lE^i 



> 



j'=i 



i=l 
id 



6|u — f I 



> 



X 



1=1 



6|w — f I 



< rvV(^L(i + | log 



V — U\ , d . . |f — M| 



X 



.(1+| log J 1 c 



and the proof is complete ■ 

Lemma 5.12 Assume (Cll), (C12), (C14), (C15). There exists a function I > such 
that 



hm|A(r,t)-/(t)| =0, 

r— >0 



where 



A(r,t) =: 



„2h(t) 




' R 



c 



l/a(t) 



l/a(t+r) 



eh/ m(dx). 



Assuming in addition (Cull), (Cul2), (Cul4), (Cul5), the convergence is uniform on U . 
Proof 
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Let l(t) = a{t) -2 g(t). Note that condition (C14) implies the following: 



> 0,3K n > 0,Vr < e, 



|i+2(ft(t)-Hm) 



\f(t + r,t,x)- f(t,t,x)\ 2 m(dx) <K V . 



The uniform condition (Cul4) implies also that: 

1 



(5.9) 



3K V > 0,\/v e U,Wu e U, 



I rl+2(ft(«)— K-) /„ 

m — u\ a ( u > ^ R 



— f(u,u,x)\ 2 m(dx) < K v . 

(5.10) 

Expanding the square, we can write A(r, t) — l(t) = Ai(r, t) + A 2 (r, £) + A 3 (r, £) where 



Ai(r,t) 




^kf(t + r,t + r,x)- ^|_/(f + r, t, x) 



Y l/a(t) 



ofa/ m(dx) 



A 2 (r,t) 



2C 



l/a(t) 
a(t) 




#i(r, t, x, y^O", t, z)dy m(dx) 



and 



A 3 (r,t) 




c 



2/a(t) 
a(t) 



r 2h (t) J n jK y 2 /«(*) 



(/(* + r , ^ x) - /(t, t, x)) 2 dy m(dx) - l(t), 



c 



l/a(t + r) 
a(t+r) 



c 



l/a(t) 
c(i) 



with gi {r,t,x,y) = -0^f(t + r,t + r,x) - -ff^f(t + r, t, x) and g 2 (r,t,x) = f{t + 
r,t,x) — f(t,t,x). Since a is continuous, there exists a positive constant Kjj (that may 
change from line to line) such that 



|A 2 (r,f)| < 



< 



< 



u 



,2h(t) 




' R 



g 1 (r,t,x,y)g 2 {r,t,x) 



,l/a(t) 



m(dx) 



K, 



v 



-2h(t) 




\gi(r,t,x,y)\ 2 dym(dx) 



'R 



R 



g 2 (r,t,x) 



,l/a(t) 



dy m(dx) 



Ki 



,2h{t) 



U r Ht) 



92(r,t,x) 



,l/a(t) 



dy m(dx) 



< ^7aTm( / \g2(r,t,x)\ 2 m(dx))\«w 'K* 4o 



R 



a(t) 



2 - a(t) 



r l+2(ft(t)-^) </R 



|/(t + r,t,x) - /(t,t,x)| 2 m(cfe; 



< K uy /A x [r,t) with Q52H- 
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Let us show that lim r ^ \/Ai(r, t) = 0. The triangle inequality yields ^/Ai(r, t)) < 
5i(r, t) + 5 2 (r, t) + 8 3 (r, t) where 



5 1 (r,t) 



2 r h(t) 




r l/a(t+r) _ r l/a(t) 
U «(t+r) " 



\f(t + r,t + r,x)\' 



y 



2/a(t+r) 



dy m(dx) 



S 2 (r,t) 



2 r h(t) 




r 2/a(t) 



n J — y 



2/a(t+r) 



\f(t + r,t + r,x) - f (t + r,t, x)\ 2 dy m(dx) 



and 



«M) = ^ (/ r J k Cgg* » l/« + r, t, 



1 



(i+r) 



m(dx) 



Now, 



,^l/a(t+r) _ ~l/a(t)i 

*i(r,t) < K v ^ +r) " m 



„/i(t) 



1 K 1 2 



a(t+r) 



1 r 



\f(t + r,t + r,x)\ 2 m(dx) 



R 



Since the function u t-> cM"^ is a C 1 function, 

«(«) ' 



Si(r,t) < Kur 1 ' 11 ^^)^ ( |/(t + r,t + r,x)| 2 m(d:r) 



R 



< fQ/r^^+^H with (C12) 



-h+ 



Since \ + ± - /i + > 0, lim 5i(r, i) = 0. 



r-5>0 



<f 2 (r,t) < — ( / \f(t + r,t + r,x)-f(t + r,t,x)rm(dx) 



2r ft W I -V r 

a(t+r) 



R 



< Kjjr^) h{t) 2( / |/(f + r ,t + r,x) - fit + r,t,x)\ A m(dx) 



R 



< K ur v+s$+v-W) w ith (C15) 

< K ur ^- h +, 



thus lim5 2 (r, i) = 0. 

r— H) 

C 1/a(<) / r \ s / /• / i t \ 2 \ i 

«M) < ■^(/j/(t + r.t,»)f*™<«l*)) ^ (ji^Esy - J^J *J 
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Since the function u h- > a(u) is a C 1 function, Wr] < |, 



5 3 (r,t) < 



-h(t) 



V./R 

i i i 



|/(t + r,t,x)| 2 m(cfe) ) ~ X C7 r5 + ^- r ' 



< K ur ^ + -^- h+ with (Cll) 



thus ]im<J 3 (r,f) = 0. Finally, lim ^/Ai (r,t) = 0. 
Let us now consider the last term A 3 (r, t): 

A 3 (r,t) = — ( rl+2(h(t) _ 1/a(t) / (/ft + r, *, s) - /ft, *, x)) 2 m(dx) - g(t) 



-2- - 1 

a(t) 



R 



thus, with (C14), lim|A 3 (r,t)| = 



r-5>0 



Lemma 5.13 Assume (C6), (CIO), (C12), (CIS), (C15), and let: 



A(r,t) =: 
Then: 



a(t) V a(t+r) 



_ X ) Ir /ft + r > t + r > x )/ft' *> 



r i+2(Mt)-i/«(t)) ^ C W) r ^-4 ( i + i _ i) J r J( t + r , t + r, x) 2 m(dx) 



y a(t+r) 



lim|A(r,t)| = 0. 



r-5>0 



//in addition we suppose (CulO), (Cul2), (Cul5), the convergence is uniform on U. 
Proof 

Since the function t (->■ aft) is a C 1 function, there exists iff/ > such that 



r l/a(t) 



^l/a^+r) 
°a(t+r) 



- 1 



and 



i i 

R a (t + r) c(i) _ ]_ 



- 1 



a(t+r) 



1 i 1 



< rK v . 



a(t+r) 1 a(t) 

Increasing Ku if necessary, we also have, Va > 0, 



--1 



j* a(t + r) a(t) 



(5.11) 
(5.12) 

(5.13) 
(5.14) 



For the last term, we write 



f K f(t + r,t + r,x)f(t,t,x)m(dx) _ 

J R f(t + r,t + r,xym(dx) 1 - Ai(r,f) + A 2 (r,f) 
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where 

AiM) 

and 

A 2 (r,i) 



In f( f + r ' t + r ' x) 2m (dx) \Jk 



f(t + r,t + r,x) (f{t, t, x) — fit + r, t, x)) midx) 



fit + r,t + r,x) if it + r, t, x) — fit + r,t + r, x)) midx) 



In /(* + r > ^ + r > ^) 2m (^) \</r 
With (C13), we may choose Kjj such that 

\A x (r,t)\<K v [ \f(t + r,t + r,x)\\f(t,t,x)-f{t + r,t,x)\m(dx). 
Jn 

Let p G («(£), 2) , p > 1 satisfying (CIO), and q such that - + - = 1. Holder inequality 
entails: 



|Ax(r,t)| < K u (jjf(t + r,t + r,x)\^m(dx)y q n\f(t,t 



x) — fit + r, £, x) | p midx) 



< Ku[ \f(t + r,t,x) - fit,t,x)\ p midx)\ with (C6) and (C12) 



R 



l/p 



< 



K ur p +Hty ^l with (CIO). 



With (C12), (C13) and Cauchy-Schwarz inequality, we select Kjj such that 



|A 2 (r,t)| < Ku( I \fit + r,t + r,x)-fit + r,t,x)\ 2 midx) 
n 



< K v r with (C15). 



Finally, since h(t) + i - < 1, 



In fit + r ^ + r > x)f(t, t, x)mjdx) _ 
In f(t + r ; ^ + r ) x) 2 midx) 



(5.15) 



Using the inequalities (15. lip . (|5.12|) . (I5.13p . (I5.14p and (|5.15|) . we may find a constant Ky 
such that for all a > 0, 



l A M)l<-r 



1 



r l+2(h(t)-l/a(t)) 

Choosing a E (h{t) + ^ — ^y, lj, this entails: 

3 



K v ( r 2 + r 2a + r 2{h{t)+ p-^) h 



\A(r,t)\ < 



r l+2(h(t)-l/a(t)) 



K v r 



2 (M*)+i-^)) 



Since | - 1 > 0, lim|A(r,t)| = 
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Lemma 5.14 Assuming (CI), (C6), (CI), (C8), one has: 



\/e < — , 3K n < 1 such that Wv > 1, Vr < e , 
a 



y>Ku 



d 

y 1 — sd 



<S:; r V(t + r,t + r,x) vC^>f(t,t 



l/a(t) 



sm 



x 



2 r h(t)yl/a(t+r) 



2 r h(t) y l/a(t) 



1 

> - 
- 2 



l/a(t) 



X 



2 r h(t) y l/a(t+r) 



2 r h(t) y l/a(t) 



If in addition we suppose (Cu8), 



d 

V 1 — 

y > K v =4> Vt <EU, sin 



2 , + r, t + r, x) vCffl'f(t, t, x) 



2 r h(t)yl/a(t+r) 



2 r h(t) y l/a(t) 



1 

> - 

~ 2 



l/a(t) 



2 r h(t)yl/a(t+r) 



2 r h(t)yl/a(t) 



Proof 

Let £ < 5 . We write — t 2T , h ( t)jjl/a(t+r) ^^r/^) = t, u, x, y) + K 2 [r, t, v, x, 

with 



2 r h(t)yl/a(t+r) " " 2r h Wy 1 / 
l/a(t+r) 



C( t T,r7(^ + r, t + r, x) Cl{ff(t + r, t, x) 



y l/a(t+r) 



,l/a(t) 



and 



K 2 (r,t,v,x,y) 



vC 



!/«(*) 
a(t) 



2 r h(t) y l/a(t) 

Using the finite-increments theorem, 



(/(t + r> t >a: )_/( M>a; )) 



|/ti(r,t,w,x,y)| < 



iff/|/(£ + r,a,x) 



,l/a(a) 



+ sup 

a£U 



Cl$ a) \f v (t + r,a,x) 



+ sup 

aec/ 



|a'(a)| |ln2/| ^(r) (a) |/(t + r,a,x) 



a 2 (a) 



l/a(o) 



)■ 



/!/"(«) 



For y > 1, conditions (C6) and (C7) imply 



Ku\f(t + r,a,x)\ < K v 



,l/a(a) 



~ yl/d> 



Ku\fv{t + r,a,x)\^ K v 



,l/a(a) 



l/d' 
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and 

Wi n Cj^lfit + ^^^l < Ku\]ny\ 
a 2 {a) 1 Vl j/V«(a) - yi/d 

Finally, 

Mr,t,v,x,y)\ < -j^ (l + |lny|) 

< #t/v 



— yl/d—e' 



Condition (C8) allows to estimate K 2 (r, t, v , x, y) as follows: 



Mr,t,v,x,y)\ < 



( ry y/a(t)- 



Finally, > 0, Ve < ±37^ > l,Vu > l,Vr < e , > if^ 



1-ed 



l/a(t+r) 
a(t+r) 



f(t + r,t + r,x) vC l J« {t) f{t^x 



2 r h(t) y l/a{t+r) 



2 r h(t) y l/a(t) 



< K 



Lemma 5.15 Assuming (C6), (CIO), (Cll), (C12), (CIS), (C14), (C15), there exist e 
and Ku > such that Vr < Sq, Vi> > 1: 



N(v,t,r) > K u v 2+ t a tA 1 ~-J } 



where 
N(v,t,r) 




/R / K u v^U 



vC 



l/a(t+r) 
a{t+r) 



f(t + r,t + r,x) vC^fit^x) 



2 r h(t)yl/a(t+r) 



2 r h(t)yl/a(t) 



dy m(dx). 



If in addition we suppose (CulO), (Cull), (Cul2), (Cul4), (Cul5), the constant K v does 
not depend on t. 

Proof 

Expanding the square above, we may write 



N(v,t,r) = Ai(r,t)w 2+1 - £d(1 «('+••> > - A 2 (r,t)v 2+1 -^ {1 «•('+'■) "(^ + A 3 (r,t)v 2+1 -^ d(1 
where 



a (t)l 



A 2 (r,t) 



4(^y-l)- 1+W) -^ 



-I 

+ r)> JR 



1 



a(t+r) 1 a(t) 



1 _ r 1+2h ( t )-^t+^-^ JR 



\f(t + r,t + r,x)\ m(dx), 



f(t + r,t + r, x)f(t, t, x)m(dx), 
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and 



A 3 (r,t) 



\f(t, t, x)\ 2 m(dx). 



We obtain 



01 d /-1 2 -i / 2d 1 1 1 s „ 2d / 1 1 \ \ 

Let P(r,t,X) = A 1 (r,t)X 2 - A 2 (r,t)X + A 3 (r,t). Write: 

P(r, t, X) = P(r, t, X) - P(r, t, + P(r, f , t^4) - P(r, t, 1) + P(r, f , 1). 



2A 1 (r,t) 



2A l (r,t)- 



Since P( 



A 2 (r,t) - 
2Ax(r,t). 



is the minimum of P, 



P(r, t, X) > P(r, t, t^4) - P(r, t, 1) + P(r, t, 1). 



Note that P(r, i, 1) = N(l,t,r), thus lemma (I5.12p entails that there exists a positive 
function Z such that lim P(r,t, 1) = i(t). For P(r,t, - P(r,t,l), we use lemma 

(15.131) . With the same notations, 

\P(r,t,^^-)-P(r,t,l)\ = I^M^+^-^AM) 

< K v A(r,t) 



thus lim |P(r, t, ^(rt) ) ~ ^, 1) | = 0. As a consequence, there exist a positive con- 
stant K\j and £o > such that for all x G R and r G (0,6q), P(r,t,x) > Kjj. We 
obtain N(v,t,r) > v 1 - Ed Kjj for all f G R and r G (0,£o). Since ct(t) > c, 

N(v,t,r) > Kuv 2+ ^ {1 ~^ m 



Proof of theorem 13.11 

Consider 



Y(t + e) - 



e fc(t) 



y(t + e) -y(t) 



> x ) dx 



Thanks to (CI), (C2), (C3) and (C5), Y is Zi(t)-localisable at t [33], thus for all x > 0, 

Y(t + e)-Y{t) 11 



-h(t) 



>* ->p(|y t '(i)|">x). 



We shall make use of Lebesgue dominated convergence theorem. 



For x < 1, P 



r(t+e)-y(t) 



> x < 1. 
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For x > 1, 



Y(t + e)-Y(t) 



£ h(t) 



> x 



= P 
< P 
+ P 



Y(t + e)-Y(t) 



> x 



V'/ 



£ h(t) 

X(t + e,t + e) -X(t + e,t) 



£ h(t) 

X(t + e,t) -X(t,t) 



> 



x 



V'/ 



> 



.r 



For the first term, by proposition 14.91 (or 14. 1U|) . 



X(t + £,t + e) -X(t + £,t) 



rh(t) 



> 



X 



1/r, 



) < ^ (i + 1 io g ^r) + ^ (i + 1 log^r) 



For the second term, let p G (rj, a(t)). 



X(t + e,t) -X(t,t) 



£ h(t) 



> 



x 



l/r, 



X(t + e,t) -X(t,t) 



£ h(t) 



P x p/v 

> 



2P 



With Markov inequality and (C9), 



X(t + e,t) -X(t,t) 



£ h(t) 



> 



x 



i/ v 



< 



< 



< 



2 p 



^j^^^( t) ,oW p ll/(t + e,t,.)-/(M,.)ll P a 



(*) 



2 p C a{t)fi (p) 
x p/n £ ph(t) 



\f(t + e,t,x)-f(t,t,x)\ a ^m(dx) 



R 



K 



x 



P,<x(t) 

■p/v 



P( 



thus 

Y(t + e)-Y{t) v 



>x)< K T 



Proof of theorem 13.21 

Let 7 > hit) and x > 0. 



' (l + |logx| d ) + ^(l + |logx| c ) + -^ 7 ) 1,. j + , 



d/v 



X 



X 



p/v 



____ >X J = p^ y - ((+r) _ Kw l < _ 



Applying proposition (14. lip , there exists 6q > such that 

r+oo 

sup / ip Y(t+r)-Y(t) (v)dv < +oo. 

reB(0,£ ) Jo ^ 

Thus with proposition ( 14. 81) . there exists iff/ > such that 

p(\Y(t + r)-Y(t)\<-) <K V 

V x x 
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Let r n = i with 77(7 - h{t)) > 1. Vx > 0, £ P ( |y(f+r g_ y(t)| 
Cantelli lemma entails that, almost surely, lim 1 l/ ~ rl " — ' - 



> x ) < +00. Borel 



almost surely, lim sup 

r-5-0 



|y(t+r)-y(t)| 

r 7 



+00, and 
H t < h(t). 



00. As a consequence, 



Proof of theorem 13.51 

We want to apply theorem (13. ip with f(t,u,x) = 1\qa(x). Let us show that conditions 
(CI), (C2), (C3), (C5) and (C9) are satisfied. 

• (CI) The family of functions v — > f(t,v,x) is differentiable for all (v,t) in (0, l) 2 
and almost all x in E. The derivatives of / with respect to u vanish. 



(C2) 



\f(t,w,x)\ a ^ = l M (x) 



thus, for all S > 0, all t G (0, 1) 



R 



sup (\f(t,w,xT^) 
we(o,i) 



l+<5 



dx = t 



and (C2) holds. 

(C3) f' u = thus (C3) holds. 



(C5) X(t, u) (as a process in t) is localisable at u with exponent G (^, -) C (0, 1) 
with local form X u (t,u), and u i-> is a C 1 function (see |14]). 



(C9) 



1 

r h{t)a(t) 



\f(t + r,t,x) - f(t,t,x)\ a(t) m(dx) 



R 



dx 



thus (C9) holds. 
From theorem (13.11) . we get that 

E[|y(t + e)-y(t)H~e=feE[|^(i)n. 

Since F/(l) is an ^(^(l, 0, 0) random variable, property 1.2.17 of j22] allows to conclude. 
■ 

Proof of theorem 13.61 

We want to apply Theorem (I3.2p with f(t,u,x) = l[o,t](x) and h(t) = in order to 
obtain the inequality. Let us show that the conditions (C6), (C7), (Cu8), (CulO), (Cull), 
(Cul2), (C13), (Cul4) and (Cul5) are satisfied. 
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• (C6) Obvious. 

• (C7) Obvious. 

• (Cu8) Vv e U, Vw eU^xe R, 

\ v _ u \h { u)-i/ a( u) \f(v,u,x)-f(u,u,x)\ = l [u>v] (x) 

< 1 



thus (Cu8) holds. 
(CulO) Vy G U,Vu G U 
1 



t) — It 



— f(u,u,x)\ p m(dx) 



\v-u\ J n 



I ![«,«] (^) I 



thus (CulO) holds. 
(Cull) Vv G Z7, Vu G t/, 

/ \f(v , u, x)\ 2 m(dx) = v 
Jn 

thus (Cull) holds (U = (0, 1)). 

(Cul2) For the same reason as (Cull), (Cul2) holds. 

(C13) Since t G (0, 1) (in particular t ^ 0), one can choose U such that iia£ ve u v > 
thus (C13) holds. 

(Cul4) 

1 



(f(t + r,t,x)-f(t,t,x))m(dx) = - l [ttt+r] (x)dx 



= 1 



thus (Cul4) holds. 
• (Cul5) G 17, Vu G £/, 

1 — — is / l/C^z) - /(v,u,x)| 2 m(Gb) = 
\v - u\ Jn 

thus (Cul5) holds. ■ 
Proof of theorem 13.31 

We want to apply theorem (13. ip with f(t,u,x) = \t — x\ H ^ «W — |x| . Let us 

show that conditions (CI), (Cs2), (Cs3), (Cs4), (C5) and (C9) are satisfied. 
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(CI) The family of functions u — > f(t,u,x) is differentiable for all (u,t) in a neigh- 
bourhood of to and almost all x in E. The derivatives of / with respect to u read: 

&(t,w,x) = (h'(w) + ^-) [(log\t - x\)\t - x\ h ^ a ^ - (loglrrDlxl^- 1 /^)] . 

(Cs2) In [8J, it is shown that, given to e R, one may choose e > small enough and 
numbers a,b,h^,h + with < a < a(w) < b < 2, < h- < h(w) < h + < 1 and 

§ a - i) < h - - a - \) < h - < h + < h + + (i - 1) < 1 - a - d ^ ^ for an 

t and w in U := (to — to + s) and all real x: 

\f(t,w,x)l\fl o (t : w,x)\<h(t,x) (5.16) 

where 

, ( . v / cimax{l,|t-x| h -- 1 /« + | a; |fc--V»} < l + 2max t6C/ |t|) , . 

fei(*,ar) = ^ „ u | fe 'i ft-i L^i , u{ ( 5 - 17 ) 



C2 | x |h+-i/6-i (|x| > l + 2max te ^ |t|) 

for appropriately chosen constants c\ and C2- One has, for all 5 > 



R 



su P i/(t,™,x)r^ 



1+5 » 

r(x)*dx < / (ki(t,x) a + kx(t,x) b ) 1+S r(x) s dx 
Jr 

+K 5 / A; 1 (t,x) fe(1+5 V(x) 5 c/x. 

R 



< fQ / fci(t,:c) oll+ *V(aO*da: 
'r 



Let us study J R fci(t, x) p( - 1+<5 V(x) 5 (ia;, where p = a or p = b 

.25 +°° pj+1 



/ fci(t,x) p(1+5) r(x) 5 cfe = ^y"(j + l) 25 / (£:i(t,-x) p(1+<5) + ^(t, x) p(1+<5) )rfx 

3 i=o ^ 

-25 +°° rj+1 



We consider now J J+ fci(±i, x) p ^ 1+5 ^c?x. There exists K Pj g > such that, for all real 
x such that \x\ < 1 + 2max tg j/ 

fc^it, xf 1+5 ^ < K p , 5 (1 + | ± t - x \P(^)(h-l/a) + ^ P (l+5)(h.-l/a^ ? 

and for all real x such that \x\ > 1 + 2max i6 [/ \t\, 

h(±t,x) p ^ < K p , s \x\ p{1+5){h+ ~ llb ~ l) ■ 
Let jo = [1 + 2max ieC/ |i|)] . For j < j , 

p+i H+i p+i 

/ k^t.xf^dx < K P>S {1+ / \±t-x\ p{1+s){h — 1/a) dx+ / \ x \p(i+m— V*)dx). 

J j J j J j 
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Choose 5 such that p(l + S)(h- — 1/a) > — 1 (we show below that such a 5 exists). 
Then 



fj+l r±t-j 

/ \±t-xf 1+5 ^ h - 1 /^dx = / lu^+^-^du 
Jj J±t-j-l 



< 



3-1 

±t- j|l+p(l+5)(h--l/o) + \± t -j- ]_|l+p(l+5)(h--l/o) 



+ - 1/a) 

< K l/ |t| 1 +P( 1+<5 )( /l -- 1 /a)|l + j|l+p(l+<5)(h— 1/a) 



-l/o) 



where K v > depends on U and may have changed from line to line. We deduce: 
J 3+1 k!(±t,x)^ 1+S) dx < K v (l + ji+p(i+m--Va)y 



For j = j , 

/ fc^i^x^-^tfa < Kuljol 1 ^ 1 ^- 1 ^ + Ku \ x \ P (i+5)( h+ -i/b-i 

J jo J jo 

< K v . 

For j > j , 

/ fc^i*,^ 1 "^ < K v Ixl^+^-V^dx 

J 3 J 3 

< K u f {1+&){h+ ' 1/b ' 1) . 



X 



Finally, 



sup/ k x {t,x)* 1+ s>r{x) s dx < ifjl + y/ll + i 1 ^--^)] 
teuJn \ T^o J 



oo 

25+p(l+<J)(h+ -1/6-1) 



+ K u E ^ 

j=jo+l 

To conclude, we need to show that we may chose 5 > - — 1 such that p(l + S)(h_ — 
1/a) > — 1 and 25 + p(l + 5)(h + — 1/6 — 1) < — 1, for p — a and p = b. We consider 
several cases. 

First case : h- - - > and h+ - \ - 1 < --. 

Let £ > * - 1. One has p(l + 5){h_ - ! ) > > -1. We consider 1 + 25 + p(l + 
S)(h+-l/b-l). 

l + 2S + p(l + S)(h + -l/b-l) < l + 2S--p(l + S) 

= 1-^ + 25(1-^). 
a a 
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Since 1 - f < and 1 - 2 < 0, 1 + 25 + p{\ + 5)(h+ - 1/6-1) < 0. 
Second case : /i_ — - > and h+ — \ — 1 > — -. 

a — ^ b a 

Let 5 e - 1, B^ ). One has p(l + <?)(/i_ - I) > > -1. We consider 

l + 2<J + p(l + (J)(/i+- 1/6-1). 
For p = a : 

l + 26 + p(l + 6){h+-l/b-l) = a5(- + h + -\-l) + a(h + -\-l + -) 

a o o a 

< a(\-- + l-h+) + a(h+-\-l + -) 
b a b a 

= 0. 

For p = b : 

l + 25 + p(l + 5)(h + -l/b-l) = b6(- + h+-l) + b(h+-l). 

If I + h + - 1 < 0, then b5{\ + h+ - 1) + 6(/i+ - 1) < 0. Else 

+ ft+ - 1) + b(h + - 1) < 6|z|±iz^±(l+/ 1+ _i) + 6(^-1) 

a b + 

b ,1 lw, 1 lv 

a b ' 

< 0. 



Third case : h- - 1 < and h+ - \ - 1< 

a ' b — a 



Let^(^-l,%±ti). 
For p = a : 



l+p(l + 5)(/i_ - -) = a/i_ + 5(ah_ - 1) 
a 

,a/i_ + s-l 
> a/i_ + (a/i_ — 1)- 



1 — a/i_ 



= a/i_ + 1 — - — ah_ 
b 

> 0, 



and 



l + 26+p(l + S)(h+-l/b-l) = aS(- + h + --r-l) + a(h+-\-l + -] 

a b b a 

< a/l + - 

o a 

< -1 

< 0. 
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For p = b 



and 



l+p(l + 8)(h---) = b(h--- + \) + b5(h---) 
a aba 

> KA _ - I + W _ I)^±IzI 

a o a 1 — a/i_ 

= 6^. -1 + 1) + 6(1-1-^) 
a b a b 

= 0, 



1 + 2<S + p(l + <J)(/i+- 1/6-1) = W(l + h+ - 1) + 6(^+ - 1) 

,1 2, 



< U { --) + b(h + -l) 

b a 

< 0. 



Fourth case : h- - - < and h+ - \ - 1 > --. 

Le t * e (j-l, min (+±ti,t|±i+)). 
For p = a : 

l+p(l + 6)(h- - 1) = a/i_ + £(a/i_ - 1) 
a 



ah — | 1 

> a/i_ + (a/i_ - 1) ^ 

1 — ah- 

= a/i_ + 1 — - — ah_ 
b 

> 0, 

and 

l + 26 + p(l + 6)(h+-l/b-l) = aS(- + h + -]--l) + a(h + - 1-1 + 1) 

a o o a 

> a - - - + 1 - h+ +a (h+ - - - 1 + - 
b a b a 

= 0. 



For p = b : 



l+p(l + 5) (h---) = 6(/i_ - 1 + 1) + - 1) 

(X CL 

1 lx +a/i_ + f-l 

a o a I — ah_ 

= b(h_-- + -) + b(----h_) 

a b a b 

= 0, 
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and 



1 + 28 +p(l + 5)(h+- 1/6-1) = bS(- + h + -l) + b(h+-l). 



If i + h+ - 1 < 0, then 1 + 25 + p(l + 5)(h+ - 1/6-1) < 0, else 



i i 



b5(- +h+-l) + b(h + - 1) < 6(| _ j 



i + 1 - h+ w 1 



-)( - + h + -l) + b(h + -l) 
1 + o 



6 ,1 lw. , 1, 



a b 

< 0. 



(Cs3) is obtained with (15 . 16[) for the same reason as in (Cs2). 
(Cs4) For j large enough (j > j*), 
\f(t,w,x)\og(r(x))\ a ^ < K^k^xT^ 

+oo 

+K 2 \f(t,w,x)\ a ^\log(j))%^ J+1[u[j ^ { (x). 



3=3 



|/(t,w,a;)| aW l [ _ ii _ i+ i I u b -_ij[(x) < K 2 , . a(1+1/6 _ ft+) l[- jW+ i[u[j-i,j[(z) 



(i^2 may have changed from line to line). Thus 



sup 



|/(t,tw,z) log(r(x))| 



o(ui) 



1+5 



r(x) 5 < Klk^t^^+^rix) 5 + K\k 1 (t,x)\ b(1+5) r(x) 5 



+°° -2(5 



j M (log(j)) £ 



i(l+(5)(l+l/6-/i + ) H? -3+ 



llub-iJt^) 



Let 5 > J-l be such that (Cs2) holds. Since 25 + a(l + 6){h + - 1 - f) < -1, (Cs4) 
holds . 

(C5) X(i, it) (as a process in t) is localisable at it with exponent H{u) G (/i_, h + ) C 
(0, 1), with local form X u (i, w), and n t— >■ ff(u) is a C 1 function (see |14]). 



(C9) 



r H(t)a(t) 



\f(t + r,t,x) - f(t,t,x)\ a(t) m(dx) 



R 



R 



\i- x fV)-*k-\ x f®-£. 



Q (t) 



a(t) 



fix 



so (C9) holds. 
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From theorem 13. 1[ we obtain that 

E [\Y(t + e) - Y(t)\ r >] ~ ^ H(t) E . 



Since 5*7(1) is an S a ^ (a, 0, 0) random variable with o —( J R |1 — x\ H ^ a W — \x\ H ^ 



property 1.2.17 of [22J allows to conclude. 
Proof of theorem 13.41 



a{t) \ c(t) 

dx 



I-HYm)— K I 
I v ' a [ u) 



H ( u ^ a (») j n order 



We want to apply theorems 13.21 with f(t,u,x) = \t — x 
to obtain the inequality. Let us show that conditions (C6), (C7), (Cu8), (CulO), (Cull) 
(Cul2), (C13), (Cul4) and (Cul5) are satisfied. 

• (C6) Since H(t) - > 0, (C6) holds. 

• (C7) We also use the fact that H(t) — > in order to prove that (C7) holds. 

• (Cu8) Vu e U, Vu e U, Vx e R, 

1 , , 1 



\v — u 



|h(u)-l/a(tt) \f( V ' U i X ) f{ u i u i x )\ - | v _ u |H(«)-l/a(u) 

< 1 



\H(u) — rr I l-H"(«)--rr 
v — x a w — it — x a w 



thus (Cu8) holds. 
(CulO) Vv G U,Vu G U, 
1 



\v — it 



|/(u, w, x) — /(it, it, x)| p m(dx) 



L 


1 — X - 


i — K 

~ \X\ oc{u) 









dx 



so (CulO) holds. 
(Cull) Vu G £/, Vw G C/, 

|/(f, it, x)| 2 m(dx) = v l+2( " H ^~"^^ 1 \\ — x\ H ^~"^ — \x\ H ^~^> 



R 



R 



fix- 



thus (Cull) holds. 

(Cul2) For the same reason as (Cull), (Cul2) holds. 

(C13) For t 7^ 0, one can choose U such that mf v& u y 1+2( - H ^~ > thus (C13) 
holds. 



(Cul4) 



(f(t + r, t, x) - f(t, t, x)f m(dx) 



R 



r l+2(A(t)-l/a(t)) JR 

thus, choosing g(t) = J R |1 — x| H< -*' ) ~°w — \x\ H ^~°ffi dx, (Cul4) holds. 



|1 -x\ H(t) ~^ - \x\ H(t) ~^) 



dx 
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(Cui5) eU^ue U, 



I l-ff(«)--7T 



1 



m — it 



R 



|/(«,v,ar) - /(v,tt,ar)| m(tfe) 

2 



) - V 



* 7 a(ii) \0C\ ot{V) _L_ ^ v * ol\u) 



thus (Cul5) holds 



dx 



6 Proof of Theorem 13.7 



Recall the definition of the Levy Multistable field on [0, 1]: 

oo 



t=i 



To prove Theorem 13. 7\ we need a series of lemma: 
Lemma 6.16 Assume a is C 1 . Then, for all u G (0, 1), almost surely, 

\X(v,v)-X(v,u)\ 



sup 

v£[0,l] 



< +oo. 



\v — u\ 



Proof 

in the case of the Levy multistable field, (15.81) reads: 



+oo 



+oo 



+oo 



+oo 



X(V, V) - X(v, «) = („-«) (J2 Zl (v) + E Z i(v) + E Y iW + E Y i 



J=l 



i=l 



i=l 



i=l 



where Zj, . . . are defined as above. Let A > and B > be constants such that \/w G U, 



+oo 



+oo 



\a'(w)\ < A and \a(w)^\ < B. We write £ = E E Z}(v) =: E 

i=l j=l \ i=2 i J j=l 

+oo ( 2J +1 -1 \ +oo 

and ^Zf(v) = E E Z f( v ) =■ I2 X j( v )- We consider liming { sup \Xj(v)\ < 

i=l 3=1 \ i=2i ) 3 = 1 «6[0,1] 



+oo 



and liming sup \Xf(v)\ < ^Wmi^Ly Let y« V< 2 >, V<*> denote the 



ue[o,i] 



order statistics of the Vi (i.e.V^ = min Vi, . . . ). Then: 



{ sup 1^(^)1 > /d } C Uj V > 1 U ll ,.„, ljv6l2 j^+i_i ] {| l^lua {wiAli | > /d } 



l/a(i»,.), ^ AjV2^ 



«e[o,i] 



8=1 



23 M 



..n{v^ = v h M 2) = v l2 ,...M N) = v lN }). 
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P( BUP \X}(V)\>^0 



< 



< 



< 



2J 

E E 

N=l « 1 ,...,ijve[2J,2^+ 1 -l] 
N=l h,...,l N £f23 ,2J+ 1 -1} v 7 



(2* -JV)! 
(2 J — N)\ 



N 



8=1 



iV 



-i/«K)| 47 v# 



I 1 ,4 ,l/a(«, 4 ) 



>jVN 



2J 

E E 

A r =l« 1 ,... i i Jv e[2J,2J+ 1 -l] 
2-' 



(2*)! 



j 2 \ - 1 

£ 2 ^E M 



JV=1 



< 2e 1 ~V 



where we have used the following inequality (lemma 1.5, chapter 1 in |17|): 

P ( | J^Uil > ) < 2e~^ 



i=i 



for (-Uj)j independent centered random variables verifying — 1 < ttj < 1, with Ui 



T^i A * i/«(« t .) and A = J. 



We deduce that P ^liminf, j sup |-Xj(v)| < 40? Jj 



Similarly: 



P sup \X*(v)\ > 



ve[o,i] 



2i/d 



1. 



< 2e 1 ~V 



and P liminfj < sup |X 3 (t>)| < 



«e [o,i] 



2J'/ d 



1. We work on the event 



liminf j sup \Xj(v)\ < Inliminf j sup < lp g( 2 )^0 + ^ l n iimmf {r, > 1} 

There exists J e N such that Vj > J , sup |Zf(v)| < ^0- and sup < 



log(2) J Bi(j+l)v / 2T 
2J/ d ' 



and 



+oo 



E z '( 



i=l 



f6[0,l] 



2 J 0-1 ^ +oo . 



i=o 



3= Jo 



+oo 



i=l 



2 J 0-1 



i=o j=j 
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thus sup 

«e [0,1] 



+00 

E zl(v) 

1=1 



< +00 and sup 

ve[o,i\ 



+00 

i=l 



< +OO. 



Fix i eN such that Vi > io, Tj > 1. 



*o 40 1 1 



i=l 



1=1 r 



and 



,1/c I jl/d 



1=1 



1=1 



+00 



1=10 



i=io 
+00 

+Aj2\r; 1/a(Xi) -i- 1/a(xi) \l U <r i <2i } 

i=io 
+00 

+i4 ^| r rl/«(*i)_ r l/«W| 1{r4>ai}> 



+00 



+00 



+00 



< 2A^(i {1<ri <, } + i {ri>2l} ) + ^e; irr 1/a(xi) - i-^ii^^^ 



+00 



=*0 
+00 



1 T,: 



< 2A^(l {1<ri < f} + l {ri>2i} ) + K c4 J2-r\-r ~ 1|. 

i=io «=«o 



+00 



+00 



=*0 



< tog(rorr 1/a(Xi) - tog(#- 1/a(x<) |i { i<r,<* } 

i=io 
+00 

1 togcrorr 1 ^ - iog(OrV^)|i {|<ri < 2i} 

+00 

+^E I iog(ri)rr 1/a(Xi) - iog(0<- 1/a(Xi) |i{r 4 >2i } , 



l = l 



+ OO 



+ OO 



=10 



< ^ E 1 °gW( 1 {i<r i <f } + 1 {r 4 >2i}) 

i=io 
+00 

+b E I iog(ri)rr 1/a(Xi) - hg^r^i^^ 

*=*0 

+ OO +OO . / .s „ 

< *E>g(0(l { i<r 4 <$> + l{r,> 2l} ) + ^E-T^lT " X l 



«=*0 



t=l 



Id 1 
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Finally, sup 

WE [0,1] 



+00 

i=i 



< +00 and sup 
we [0,1] 



+00 



< +00. 



As a consequence, sup 
ve[o,i] 



\X(v,v)-X(v,u)\ 
\v— u\ 



< +00 



Lemma 6.17 For all u G (0, 1) and all 77 G (0, ^j), one has, almost surely, 

X(v, u) — X(u, u) 



sup 

me [0,1] 



< +OO. 



Proof 



Let v e (0, m g n , Cj = n^-^v; £ [« - « + -^]}, 



sup 



Tqrr<|f~«l<2^ 



23+l_i 
i=2i 



l/a( 

\v — u\f 



— A2 



and Dj = n m >o-D™. Dj may be written: 



Let us evaluate liminf Cj. 



sup 

ve[o,i] 



i=20 



■-l/a(u) Mu,v\\Vi) 

\v — u\ v 



< 



23+1-1 



and thus P (liminf j Cj) = 1. Now, 



1 1 



P(^) < I + P( jD ,nQ) 

= i + p(u^nc 3 )) 

+00 

< -2 + E p ( I ? n ^)- 

m=0 



We consider several cases, depending on the respective values of j and m: 

2 

log(2) 



p (d™ n Cj) = 0. 



If 3 + T^2j lo S^' > m >3i 



P (-Df ) < P | sup 



> 



2(m+l)r?j2 
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Let J G N be such that for all j > J , 2 j{ ^) ' n) > 2^' 3+TS ife. The event: 



{ sup 



2J + 1-1 



is included in the event 



N 



i=2i 



> 



2(m+l)vj2 



} 



i=l 



Notice that for j > J and N < j, P (j £ 7*A~ 1/qH | > = 0, and thus 



/ V 

p(W) < E E p E^r 1/ " w 

JV=jh,-,ijve[2J,23'+ 1 -l] V i=l 

2^ /AT 

E 1 V" p I /-Va(«) 

0(m+l)N 1 » 



> 2 (m+ 1 l)^2 ) P ( n -l{l^ " «| G [-^, ^]} 



< 



2(m+l)AT 

iV=j /i,...,Z Jv e[2^2J+ 1 -l] \ i=l 



> 



1 



2(m+l)r?j2 



< 



< 



/ t o(m+: 



2 J+i_i 



2(m+l)AT 

JV=i /i,...,/ Jv e[2^2J+ 1 -i] 

2J „-4Q2(m+l)r) 



E / 22(m+1)r? E 4 



=2J 



N=j 



2(m+l)AT 



< j4 2 2(j+ I ^ y logi+l)^-i^ y ^ 



2J 2'C$ 



2(m+l)N 



a 1 nj-Nn(j-m)N 

- 7 TV' 

< 3j 4 +T3ife2 2j(, '"^) ) . 



• When j > m > , the same computations lead to: 
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N 



E E p(iE^™i> 



-l/a(u) I 



i=l 



N=j2i~ m /i,...,Z Jv el2J,2i+ 1 -lI| 
2J -492(m+l)jj / 2 

- 2( m+1 ) Ar 

N= j 2 j-m 

V r >j~Nr ) <j-m)N 
< j4 2 2(m+l) V -2j/a(u) ^ 

N=j2i~ rn 



P W-«|6[ 



1 



AT! 



+°° r > (j-m)N 
< J 4 2 2, 2 2,(,-4 ly ) g - 



An 



< Kj 4 2 2j(v ~^) 



e 2?- m 2U-™)Uv~ m +i) 
(j#- m + 1)! 



2m+l ' 2"i 



where we have used the estimate X] n>iV — eX (N+iy. • ^ e arr i ve 
P (7j™) < Kf2 2j{v ~^u) ] + 

J'^'-"* 1 1 /AT 

E— — — CI 1 ^-JV P I iX^sy /-V"H| 

o(m+l)AT V Om+1' L^i I 1 ^ » 1 



AT=1 



> 



h,-,iive[2i ,23+1-1] 



1=1 



We need to distinguish two cases depending on the value of 77. If rj < \, fix J\ e N such 
that for all j > J l5 2 i( ^H } > 2 1 / a ^fyf]. If 77 > ±, fix J x e N such that for all j > J u 
2 j( -^k)-^ > 2 1 / a( - u ^j 3 y/J. Then for all 77 and all j > Ji, one has - 



2j/a(u) 



N 



p iE^"*'i> 



2(m+l)rij2 



< P 



N 



2-' 



J ^ y/~j2j-™2 ( m + 1 ) 

l/ct(«) 



> 1 and 



< 2e^' 2 / 2 . 



We then get 



N=l 



N=l 

< Kj 4 2 2j{ri -^) ] + 2e~ j2/2 . 



• Assume finally that m < {^|jiy- 
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Fix J 2 e N such that for all j > J 2 , 2 J( ^) ^ > 2 1 /"(«)j3+r, > Therij for ^ > Qne hag 
j 3 v^2('"+ 1 )'j — ^ an< ^ com P u ^ a ti° ns similar the ones above lead to 

p fn^ < 1 n 1 'i 2J ~ Ar V" pi i ry /-V a (")i ^ 1 

^ i / - 2( m+1 ) iV 2 m+1 I 1 » 1 2( m + 1 ) r '? 2 

2J 1 I _ / N nj/a(u) 

£ E^Wd-^r) 2 '-" E p iE7„(V) lw "'i>^ 

JV=1 h,... ,«jv6[2^2J+ 1 -l] V i=l * 

< 2e^' 2 / 2 . 



We thus get that, for j > max(J , J 1? J 2 ), 



+oo 



^ P (d- n Cj) < k iog(j)j 4+T ^2 



m=0 



and thus P (liminfj Dj) = 1. 

On the event liminf, Cj fl liming we may fix j e N such that for all j > j ) 



sup 

[o,i] 



2i+!-l 
i=2i 



If — 



l 

< — . 

"J 2 



Since sup 

ue[o,i] 



2J0 - 1 i n/\ 

h t \v-u\* 

' l 



|d— u\ r > 



< +oo, we obtain 



sup 

ve[o,i] 



+oo 



i=l 



\v — M 



< +oo. 



Let us now deal with 



E 3 



sup 

ve[o,i] 



2 J+i_i 



E (r -l/a(u) _ ■-l/a(u)\ 1 lu-M( V i) 



< 



o'2 
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P(E~) < j 2 + P(E J nc J 



1 



< — + P 2 jri j 2r > sup 



«6[0,1] 



23+1-1 



> 



< 



4 + p E (rr^H-rV^)) 



> — 



1 



23+i_l 



< J_ _)_ 2^ j 2( ~ l+r ^ E E|r~ 1/a(u) - i _1/Q(u) | 



1=23 
23+1-1 



< J- + 2^' 2{1+??) E 2(P(r 4 < ^) + P(r, > 2^)) 

J i=23 
23 + 1-1 

+2 ^ 2 (i+.) £ E|r7V^)_ r iM«)| 1{|<ri<2i} . 

i=23 



However 



and 



23+1-1 



2^-2(1+^) £\?7 1/a{u) - r 1,a{u) \\i <Ti< 2v ^ Kf^^-^K 



i=23 



1=1 



We thus obtain P (lim inf j £y) = 1. As a consequence, sup 

ue[o,i 

+oo and finally 

1 w) — X(u, u) 

sup v , ' , <■ -x 

[o,i] 



V^ 0/ /p-V a ( u ) _ A-l/a{u)\ 1 [u,v](yj) 



< 



\v — u\ r > 



Lemma 6.18 For all u G (0, 1), one has almost surely, for all r\ G (0, -^tk), 

\X(v,u) -X(u,u) 



sup 

«6[0,1] 



\v — u r 



< +oo. 



Proof 

Fix u G (0,1). Lemma 16.171 yields that, for all r] G (0,^j), we may choose an Q v 

having probability one and such that, on Q v , sup ^^z^v^ < +°°- Thus, on 

«e [o,i] 1 1 
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f2 = rij>o£2 i l, which still has probability one, it holds that, for all r/ G (0, — pr), 

|x(«,u)-a:Ku)| , 
su Pi>e[o,i] < +°° ■ 

Proof of Theorem 13.71 

From Theorem 13. 6[ we already know that H u < -fx . To prove the reverse inequality, we 
treat separately the situations where a < 1 and a > 1. 

• Consider first the case < a(u) < 1. 

Write: 

Y» - y (u) = u) - X(v, u) + u) - X{u, u). 

By Lemma |6.18[ we know that the Holder regularity of v i— > X(v,u) — X(u,u) at u is 
almost surely not smaller than -^hx- Now, by applying the finite increments theorem to 

the functions t i-> C]^T~ 1 ^ , we get 



= («(«) - «(«)) E-nWv;) - r " /aK) 

where, for each i, wi G [w, i>] (or [f,"u]), and CP denotes the derivative of the function 
t i — y C}/ 1 . However, 

f> M (Vi) {c M) - rr^-o, < g | 0P(aW) _ c v r J£g 

oo 

< if^(i + |io g r,|)(r- 1/c + r 



i=i ^ \ */ / j =1 

oo 



Thus the quantity T(tt,«) = E^W^) ~ C^^) is ' 

uniformly in t>, almost surely finite and not 0. As a consequence, the function v i— > 
X(v, v) — X(v, u) = (a(u) — a(v))T(u, v) has almost surely the same Holder exponent at 
u as the function v H- a(v) at u. If "H" < this entails that Y has exponent at 
w. If > then the exponent of Y at u is at least ^y and thus exactly by 
Theorem 13.61 

• Assume now that 1 < a(u) < 2. 

Let v < 4iy and 6 G fa sfe)- Then: 

TO-y( M )| < |A>,t;)-A>, M )| | |X(m,m)-X( M , M )| 
|f — uY 1 ~ |f — \v — uY 1 

By lemma 16. 18} there exists K > such that < i"T|i> — ul 5- '', and, by 

Lemma I6.16} there exists K > such that ^|^5^ffi^ — iT| v — w| 1_T? . This entails 
lim„_> u |y( |^, ) T^i" )l = and 

1 

"Hit > / X 

a(u) 
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7 Assumptions 

This section gathers the various conditions required on the considered processes so that 
our results hold. 

• (CI) The family of functions v — > f(t,v,x) is differentiable for all (v,t) in U 2 and 
almost all x in E. The derivatives of / with respect to v are denoted by f v . 



(C2) There exists 6>*-l such that : 

sup(\f(t,w,x)\ a ^) 
(Cs2) There exists 5 > ~ c - 1 such that : 



sup 
tet/ Jr 



1+5 



m(dx) < oo. 



sup 
tec/ Jr. 



su P (i/(t, w ,x)r^) 



1+5 



r(x) s m(dx) < oo. 



(C3) There exists 6>±-l such that : 



sup / 



sup(\fUt,w,x)\ a ^) 



1+5 



m{dx) < oo. 



(Cs3) There exists 8 > ~ c - 1 such that : 

r i l-t-5 

su P (i/:(t, w ,x)i^) 

.wee/ 

(Cs4) There exists 5 > | - 1 such that : 



sup 
teu Jr. Iweu 

d 



r{x) 5 m(dx) < oo. 



sup 



L 


sup 




w£U - 



\f(t,w,x) log(r(x)) 



\a(w) 



i 1+5 



r(x) s m{dx) < oo. 



• (C5) X(t,u) (as a process in t) is localisable at u with exponent h(u) G (h_, h + ) C 
(0, 1), with local form X' u (t,u), and u t-+ h(u) is a C 1 function . 

• (C6) There exists K v > such that \/v G £/, Vw G U, \/x G R, 

\f(v,u,x)\ < K v . 

• (C7) There exists ify > such that G U, \/u G U, Vx G R, 

\ti{v,u,x)\<Ku. 

• (C8) There exists a function ft, defined on U, e G (0, 1) and K v > such that 
Vr < e , \/x G R, 



1 



r h(t)-l/a(t) 



\f(t + r,t,x)-f(t,t,x)\<Ku. 
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(Cu8) There exists a function h defined on U and K v > such that Vr G U, Vu G £/, 
Vr G R, 

\f(v,u,x)-f(u,u,x)\<Ku. 

(C9) There exists a function /i defined on [/, e > and Ifj/ > such that Vr < e , 
1 



r h(t)a(t) 



\f(t + r, t, x) - f(t, t, x)\ a ^m(dx) < K v . 

R 



(CIO) There exists a function h defined on U and p G (a(t), 2), p > 1, such that for 
all e > 0, there exists > such that, Vr < e, 



J \f(t + r,t,x)- f(t, t, x) \ p m{dx) < K v . 



(CulO) There exists a function h defined on U, p G (d,2), p > 1 and ^ > such 
that Vr G C/,Vu G C/, 



f — u 



(Cll) Ve > 0, 37^ > such that, Vr < e, 

[ \f(t + r,t,x)\ 2 m(dx) < K v . 
Jb, 

(Cull) There exists K v > such that Vr G U, Vu G U, 

\f(v,u,x)\ 2 m(dx) < K v . 

(C12) Vr > 0, 37^ > such that Vr < e, 

/ + r, t + r, x)| 2 m(dx) < K v . 
Jb, 

(Cul2) There exists ifo > such that Vr G [/, 

/ \f(v,v,x)\ 2 m(dx) < K v . 
Jb. 

(C13) 

inf / f(v,v,x) 2 m(dx)>0. 
veU Jb, 

(C14) There exists a function h and a positive function g defined on U such that 

J™, r i+2(M0-i/°(t)) X + r ' t? x) ~ tj x))2 m(cfa) = g{t) - 

AA 



• (Cul4) There exists a function h and a positive function g defined on U such that 

0. 



lim sup 

teu 



r i+2(h(t)-i/ Q (t)) J R W + r ' *> x ) - /(*' *> x )f m ( dx ) ~ 9(f) 

• (C15) Ve > 0, 3K V > such that Vr < e, 

/ |/(t + r,t + r,rr) - /(t + r,t,x)| 2 m(ete) < 
l r l Jr 

• (Cul5) 3^ > such that, W e [/, Vtt G [/, 

1 



f — u\ 



\f(v,v,x)-f(v,u,x)\ m(dx)<Kjj. 



R 
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